We define an index of a collection of 1-forms on a complex isolated complete intersection singularity corresponding to a Chern number and, in the case when the 1-forms are complex analytic, express it as the dimension of a certain algebra.
Introduction
An isolated singular point (zero) p of a vector field X on a (real or complex analytic) manifold M has an index: the degree of the map X/ X from a small sphere around the point p to the unit sphere. If the manifold M is closed (compact without boundary) and the vector field X has only isolated singular points, the sum of their indices is equal to the Euler characteristic χ(M) of the manifold M. If M is a complex analytic manifold of dimension n, then its Euler characteristic χ(M) is the characteristic number c n (T M), [M] , where T M is the tangent bundle of the manifold M and c n is the corresponding Chern class.
If the vector field X is complex analytic, the index of its (isolated) singular point p can be computed as the dimension of a certain algebra. Namely, if, in local coordinates centred at the point p, X = n i=1 X i (∂/∂x i ), then ind p X = dim O C n ,0 /(X 1 , . . . , X n ), where O C n ,0 is the ring of germs of holomorphic functions of n variables, (X 1 , . . . , X n ) is the ideal generated by the components of the field X. The Eisenbud-Levine-Khimshiashvili formula [EL, Kh] expresses the index of an algebraically isolated singular point of a (smooth) vector field on a real smooth manifold as the signature of a certain quadratic form defined on the real analogue of the algebra mentioned above. Similar statements hold for 1-forms on manifolds with the only difference that the sum of indices of singular points of a 1-form on a complex analytic manifold M of dimension n is equal to the characteristic number
In the framework of the described properties there is almost no difference between vector fields and 1-forms (except the fact that non-zero analytic vector fields and 1-forms exist, generally speaking, on different complex manifolds). The difference becomes crucial if one considers complex-analytic vector fields or 1-forms on singular varieties [EG1, EG2] . The main difference is related with the fact that a complex analytic 1-form can be restricted to a submanifold or to a subvariety (staying complex analytic, at least, at the non-singular points of the subvariety), while there is no invariant notion of a restriction of a vector field to a submanifold.
Here we start to discuss generalizations of these notions and statements for other characteristic numbers (different from c n , [M] ). For smooth varieties, it is not very essential whether we discuss vector fields, or 1-forms, or simply sections of a vector bundle. For singular varieties (namely for isolated complete intersection singularities: ICIS) the properties of 1-forms and vector fields with respect to the discussed problems are quite different. Here we restrict ourselves almost exclusively to the complex analytic case.
An index for collections of sections of a vector bundle
We consider a general setting. Let π : E → M be a complex analytic vector bundle of rank m over a complex analytic manifold M of dimension n. It is known that the Poincaré dual to the characteristic class c k (E) (k = 1, . . . , m) is represented by the 2(n − k)-dimensional cycle which consists of points of the manifold M where m − k + 1 sections of the vector bundle E are linearly dependent (cf., e.g., [GH, p. 413] ). For natural numbers p and q with p ≥ q, let M(p, q) be the space of p × q matrices with complex entries and let D p,q be the subspace of M(p, q) consisting of matrices of rank less than q. The subset D p,q is an irreducible subvariety of M(p, q) of codimension p − q + 1 (see below). The complement W p,q = M(p, q) \ D p,q is the Stiefel manifold of q-frames (collections of q linearly independent vectors) in C p . It is known that W p,q is (2p−2q)-connected and H 2p−2q+1 (W p,q ) ∼ = Z (see, e.g., [H] ). The latter fact also proves that D p,q is irreducible. Since W p,q is the complement of an irreducible complex analytic subvariety of codimension p − q + 1 in M(p, q), there is a natural choice of a generator of the homology group H 2p−2q+1 (W p,q ) ∼ = Z. Namely, the ("positive") generator is the boundary of a small ball in a smooth complex analytic slice transversal to W p,q at a non-singular point.
Let k = (k 1 , . . . , k s ) be a sequence of positive integers with
and there is a natural choice of a generator of the latter group. This choice defines a degree (an integer) of a map from an oriented manifold of dimension 2k − 1 to the manifold W m,k .
Let {ω The point p is non-singular for the collection {ω 
An algebraic formula for the index
Suppose that, in local coordinates centred at the point p, the components of the section ω 
Theorem 2
ind p {ω
Proof 
Indices on ICIS
j } be a collection of 1-forms on a neighbourhood of the origin in (C n , 0) with i = 1, . . . , s, j = 1, . . . , n − ℓ − k i + 1, k i = n − ℓ, the restriction of which to V has no singular points on V outside of the origin in a neighbourhood of it. (Here it is not necessary to demand that the 1-forms ω (i) j are complex analytic. It is sufficient to suppose that ω (i) j are continuous complex linear functions on the tangent bundle T C n .) Let U be a neighbourhood of the origin in C n where all the functions f r (r = 1, . . . , ℓ) and the 1-forms ω (i) j are defined and such that the restriction of the collection {ω
has no singular points. Let S δ ⊂ U be a sufficiently small sphere around the origin which intersects V transversally and denote by K = V ∩ S δ the link of the ICIS (V, 0). Let k = (k 1 + ℓ, . . . , k s + ℓ) and let Ψ V be the mapping from V ∩ U to M n, k which sends a point x ∈ V ∩ U to the collection of n × (n − k i + 1)-matrices
Its restriction ψ V to the link K maps K to the subset W n, k .
As above, the index ind V,0 {ω (i) j } is equal to the intersection number of the germ of the image of the complex analytic mapping Ψ V with the variety D n, k .
For s = 1, k 1 = n − ℓ, this definition coincides with the one of the index of a 1-form from [EG1] .
Let V ⊂ CP n be a complete intersection with isolated singular points. Let L be a complex line bundle on V and let {ω j } at the point p just in the same way as in the local setting above. Moreover, one can consider L as a line bundle on a smoothing V of the complete intersection V as well (e.g., using the pull back along a projection of V to V ).
Theorem 3 One has
where V is a smoothing of the complete intersection V . Now, as above, let (V, 0) ⊂ (C n , 0) be the ICIS defined by the equations f 1 = · · · = f ℓ = 0 and let {ω (i) j } (i = 1, . . . , s; j = 1, . . . , n − ℓ − k i + 1) be a collection of complex analytic 1-forms on a neighbourhood of the origin in C n the restriction of which has no singular points on V outside of the origin in a neighbourhood of it. Let I V,{ω
be the ideal in the ring O C n ,0 generated by the functions f 1 , . . . , f ℓ and by the (n − k i + 1) × (n − k i + 1) minors of all the matrices
Theorem 4
ind V,0 {ω
See the "proof" of Theorem 2.
Remark. Let {X (i)
j } be a collection of vector fields on a neighbourhood of the origin in (C n , 0) (i = 1, . . . , s; j = 1, . . . , n − ℓ − k i + 1; k i = n − ℓ) which are tangent to the ICIS (V, 0) = {f 1 = · · · = f ℓ = 0} ⊂ (C n , 0) at nonsingular points of V . One can define the index ind V,0 {X (i) j } as the degree of the mapping K → W n, k which sends a point x ∈ K to the collection of n × (n − k i + 1) matrices {(grad f 1 (x), . . . , grad f ℓ (x), X (i) 1 (x), . . . , X (i) n−ℓ−k i +1 (x))}, i = 1, . . . , s. Here grad f r (x) = ∂f r ∂x 1 (x), . . . , ∂f r ∂x n (x) , where z is the complex conjugate of the complex number z. For s = 1, k 1 = n − ℓ, this definition coincides with the definition of the index of a vector field on an ICIS from [GSV, SS] . For vector fields the analogue of Theorem 3 holds with the only difference that the sum of the indices is equal to the characteristic number
However, a formula similar to that of Theorem 4 does not exist. A reason for that is that in this case the index is the intersection number with D n, k of the image of the ICIS (V, 0) under a map which is not complex analytic. Moreover, in some cases this index can be negative.
